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Abstract—The problem is reduced to a system of two singular integral equations for determining the interface
slope and shear stress. The dominant part of the system is analyzed to determine the order of the stress
singularity and its dependence on the elastic constants. After removing logarithmic singularities from the
right hand sides we solve these equations numerically for several chosen composites and the interface slope
and traction are exhibited graphically. The solution should be relevant in studying adhesive joints by means
of a bending test.

INTRODUCTION

In [1] the solution was given for joined semi-infinite elastic strips in tension. In [2] the end
problem for a semi-infinite strip was solved for point-wise traction, displacement or mixed end
conditions. This solution was applied there to several specific problems including extension,
bending, and flexure for fixed end; compression against a rigid circular cylinder (smooth and
rough); and the pointwise normal traction problems of extension and bending with cosine and
sine distributions, respectively. The singular integral equation obtained in [2] for the bending
problem considered there had the added complication of a logarithmically singular function in its
right hand side. This difficulty was not resolved in [2] and no numerical results were given there
for the bending case.

Here the antisymmetric solution given in [2] is used in the manner of [1] to solve the bending
problem for the bimaterial strip. The problem is reduced to a system of two singular integral
equations. Then the dependence of the order of the stress singularity, at the point of intersection
of the material interface and lateral boundary, on the material parameters is extracted from the
integral equations. The difficulty of logarithmic singularities in the right hand sides of the
equations occurs here also, but it is successfully dealt with by use of a special technique. Finally,
the integral equations are solved numerically and the bond tractions and displacements are
computed and graphically illustrated.

FORMULATION OF THE PROBLEM
Consider the two isotropic homogeneous elastic semi-infinite strips of width 2k characterized
by the elastic constants x”, v" and p’, »' (Fig. 1a). Let the strips be joined at x, =0, free of
traction on |x,| = h, and loaded far from the interface by a linear normal stress in the x,-direction
which produces the resultant couple —M on any plane of fixed x,. Accordingly, we wish to find
the two-dimensional stress and displacement fields $”" = {#", 8"}, S’ = {#',d'}, that satisfy the
appropriate elasticity equations for x, > 0, x, <0, respectively, and meet the boundary conditions

F12=0, 75--GMP2R)x; |xi|<h x>,

li=712=0; |X|l=h, 0<x, <,

. : (M
m=7r=0 |x||=h, -0 < x, <0,
71220, 73> -GM2h%)x,; |X||<h, X2 —®,
as well as the interface continuity conditions
ay=4al, dj=d; =7 TR=7Tn |[0|<h x,=0. ()
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Fig. 1. Superposition of simple bending and residual solution.

AUXILIARY SEMI-INFINITE STRIP SOLUTIONS

In order to obtain the solution S”, §' satisfying (1), (2), the solution depicted in Figs. 1b, ¢ will
be superposed. The solutions $. $" in Fig. 1b are the simple bending solutions given byt

Sty = OMBR w)[v(x,> = hY)+ (1 - v)x]
l}z = _(3M/4h 3[1. )(l - V)X].x;, 7‘:|| = 7‘:|2 = 0, 7‘222 = _(3M/2h 3).X|, (3)

with (') or (") attached to w, v, i, 7. for $” or §'. The semi-infinite strip solutions depicted in Fig.
lc can be obtained from the antisymmetric solution in [2]. For S’ this solution appears as

\/<g) uyx, x)=- J:) {If' (m)—(1-20")g'(n)) cosh (nx,) + nx,g'(n) sinh (nx,)}n "' sin (nx;) dn
+J“{—SXZ¢'(S)+ [-2+ 20" = sx,]50'(s)}s ™" exp (sx2) cos (sx,) ds,

‘/(§>“3“"*2)= - f:{lf’(n>+2(l — v")g'(n)] sinh (nx,)
+ nx.8'(n) cosh (nx))}n "cos (nx2)dn
* r{B —4v' = sx,]¢'(s) + [1 - 20" — sxo)s@'(s)}s ™' exp (sx2) sin (sx,) ds,

T

— \/<§) == f: [f'(n) sinh (nx,) + nx,g'(n) cosh (5x,)] sin (nx;) dn

+ Jw{[ZV’ + 5x2]'(s) + (2 + sx5)50'(5)} exp (sx2) sin (sx;) ds, 4)

™

— \/(5) Th = ‘[‘1 {[f'(n) +2g'(m)] sinh (nx,) + nx.g’(n) cosh (nx,)} sin (yx;) dn

+ f {[2-2v" - sx;]'(s) — (sx2)sw'(5)} €xp (sx,) sin (sx,) ds,

' tThe sglulion will be derived here for the plane strain determination of Poisson's ratios. The generalized plane stress
interpretation follows from the appropriate change in Poisson’s ratios.
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2%, \/(75') Th=— J’: {f'(n)+ g'(n)] cosh (nx,) + nx.8'(n) sinh (nx,)} cos (nx2) d7
+ Jm{[l =20 = sx,)@'(s) +[—1 - sx,)sw'(5)} exp (sx,) cos (sx,) ds.

This solution is obtained in [2] from the superposition of infinite strip and half-plane solutions.
The corresponding solution S” can be inferred from S’ in (4) by the following replacements
(xe, X2, uh, uz, T T2y Th, [ 8 @), @, Y, )
(_xh _XZy —'u'l,s _ug, Tlllly T’l’Za 7'2,21 f”) g"’ ¢"s w”v “‘”)' (5)
The lateral boundary conditions (1), and (1), will be satisfied provided f', g’ (f", g") are given in
terms of ¢', w' (", ") by
f(n) ={L\(¢, w)(n){cosh (nh) + nh sinh (nh)] - LA, @)(n)[nh cosh (nh)]}
X [sinh (nh) cosh (nh) + nh]™",
. . _ 6
g(n) = {~L.($, 0)(m)lcosh (7h)] + L@, w)(n)lsinh (nh)}isinh (7h) cosh (k) + a1 &

in which

Lid,0)n)==2 [ "o = sTnn*+ 9718(5) + [ns(n7+ 53 To()hsin (sh)n™+ 597 ds,

. Q
L@, 0)n) == [ {[=(1= )5 + 07507+ 5)18(5) + n757(n7+ 57 (s} cos ()

x(n*+sY) ' ds.

Equations (6) and (7) are valid for (') or (") attached to all of f, g, ¢, o, v. Finally ¢, w are related to
ui(x,, 0) and 72(x,,0) by

¢(s)=Lm ®(x,) sin (sx,) dxi, w(s)=J: Q(x,) cos (sx,) dx, (8)

where

O(x)) = F[VQm)ap (1 - v)lra(x, 0), Uxo) = 2 [VQ2/7)/2(1 - »)]ui(x,, 0), 9

in which the upper signs are used for S" and the lower ones for S'.

Notice that because of (8), (9), the semi-infinite strip solutions S’, $” accommodate the mixed
end boundary conditions of odd normal traction and even tangential displacement. It can also be
verified that (4) satisfies the conditions

720 as x;o *x, ihj=1,2,

) . (10)
f Tl 0)dx, =0, i=12, j x,72(x0, 0) dx, = 0.
-k h

Without loss in generality we fix infinitesimal rigid displacements such that
u,(xh,0)=0. (11)

In addition to the boundary functions in (9) we need for (2) the functions u.(x,,0) and
112(x3, 0). If we define ¢y, ¢, in terms of &, Q by
$i(x)) =20V QU m)P(x) = F[w (1 - v)] ' talx,, 0),

$a(x1) = 2uV/QIm)Idx)Ox,) = £[20 7 (1 - »))AIdx)as(x,, O), (12)
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then it follows from (4)<(9), (12) that (see [2] for details)

g,(x,)-zj' [ d; +k,,(x.,r)]¢,(z i=1,2, (13)

in which
gn(Xu) = Zﬂ(d/dxl)uz(xh 0), 82Ax) = 7ia(xy, 0), (14)

and a;, k; are defined by

a||=(3_4V)/2, a|2=_az|=_(1_2l/)/2, azg=l/2,
hk]i(X[,t)=A,(V, V)y’T)v hkli(-xlyt)=Ai(V9 lyyy T)o i=1$2) (15)
y=x./h, t=tlh,

and A; are defined (for p =1 or v) by

A0, 1= [ 1A p,7.6) cosh (€9)+ Ay, p. 7, )8 sinh (&)
X [sinh & cosh £ + ] 'exp[-£(1 - 7)) d¢  (16)

with
An(v,p,7,€)=—[1-2v—£&(1 - 7))(cosh £ + £ sinh &) — [2-2v — £(1 — 7)]€ cosh ¢
+(3-2p)2-2v - é(1—7))sinh £+ (3—-2p)[1 —2v — £(1 - 7)] cosh &,
Ay, p, 7, €)=12-2v—¢(1-1)]sinh é +[1 =20 — (1 - 7)] cosh §,
Anly,p, 7, E)=—[1+ &1 - 7))(cosh £ + £ sinh &) - £(1 — 7)€ cosh ¢
+(B=-2p)[1+&(1—7)]cosh £ +(3~-2p)é(1 — 7)sinh ¢
An(v,p, 1, €)=[1+&(—1)]cosh £ + £(1 - r) sinh &

(17)

Notice that if 7,,, u, are known at x, = 0, so that ¢,, ¢, are known, eqn (13) gives (d/dx,)u, and
7\, there. Conversely, if u,, 7,, are known at x, =0, so that g,, g, are known, (13) represents a
system of integral equations for determining (d/dx,)u, and 7,, there.

REDUCTION TO A SYSTEM OF INTEGRAL EQUATIONS

Next we determine @', (', ¢”, " in the solutions S’, S” so that (1),, (1), and (2) are satisfied.
The superposition is

S”= §n+ S”, Sv: — §I + SI, (18)
with $”, $' given by (3) and S”, S’ given by (4)(9). In view of (10), (3), the solutions $”, $' given

by (18) satisfy (1),, (1),, so all that remains is to satisfy (2). With the use of (3), (12)—(14) and (18), it
follows that (2) requires

8 = -0 igr) - 2t (3) (&-2)x.,
di(x)=~[(1 - v)(1 - v")]di(x),
2] {[—h+k7,(x,,t)]ﬁl:(ﬁ [—“—“—+ k;,(x,,t)] 4’: )} dt =0,

t
S A+ ksmn ] 610 [[2 + ke 60} ae =

(19)

which gives four equations for ¢4, ¢, j = 1, 2, or, from (12) for &', ®", (d/dx )Y, (d/dx)Q". The
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first two of (19) allow us to eliminate ¢ from the last two of (19) to arrive at the system of two
equations

ZJ"' [t_qu_l+ Ly (xs, t)] o) dt = fi(xy), (20)

~h
in which

by =ahk(-v)(1-v"+al,
bi.=al(1-v)(1-v")+a}s, by=—kb,,
bn=a%(1-v)(1-v")+kats, k=p'lp"

L= [Nk (1= 21— p") + k1),

la=[k(1= )1 - ") + k1], (¥3))]
Ly = [k5k (1= (1= v") + kk ],

L= [k3A1 = v)I(1 = »") + kk 2],

e = [ |72+ kw0 ] e
M=[2lm(1- v"OM[4h>) kv" - v').

We observe formally that f; vanishes for material combinations such that p'v" = p"v’. From
(20) this implies that the ¢/ vanish if there are no eigenfunctions, and (19) then implies ¢/ also
vanish, It follows from (12) that ®, () vanish and hence (6) predicts that ', S” vanish. For these
combinations $', $” in (3) supply the entire solution. In general the £, in (21) do not vanish and, as
will be apparent later on, the integrals define functions with logarithmic singularities at x, = +h.
These singularities must be removed before (20) can be solved numerically.

ANALYSIS OF THE SINGULAR INTEGRAL EQUATIONS

The integral eqns (20) are singular as is apparent from the Cauchy kernels. The kernels I; are
also singular due to the behavior of the integrands in (16) as ¢ - ®. Also, the integrands in (16)
have a first order singularity at £ = 0 that must be removed. In the manner of [1,2] we use the
condition

h
[ ema=0 i=12 @
~h
to replace A; in (16) by
A( =I a; df = Alm'*' A‘R,
0

=Il(a.-—a,~°°—a,°)d§+fm(a‘ —ai")d§+%‘ U,
a”={[-1+20+(3-4v)3-2p — &) - (5-4p - 2£)£(1 - 7)] cosh (¢&y)
+[3 -4y —2¢(1 - 7)]éy sinh (éy)} exp[—£(2 - 7)),

a;"={[2-2p — £ +(5—4p —2£)¢(1 - 7)] cosh (¢y)
+{1+2£(1 - 7))¢y sinh (éy)}exp [-£Q2- 7)), i=1,2,
a’=d¢ 'cosh(gy)exp[-£(1-7)), i=1,2,

=(1-p)X1-2»)2, d.=(1 —p)/2

Uy, )= 2( e N s

] nn'

23)

a-7+y)y
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A~ = f a” d¢,

AT =032+4up —Sv—p +(3+2v — 2p)1 - y)d/dy) - (1 - yy(d*/dy?))2-7-y) '
+(32+4vp =Sy —p —(3+2v - 2p)(1 + y)d/dy) - (1 + y)(d*/dy))2 -7+ y) ',
A" =[712=3p ~(5-2p)1 - y)(dldy) + (1 - y)(d/dy?)]2 -7 - y) '
+(712=3p +(5-2p)(1 + y)(d/dy) + (1 + y)(d*/dy?)I2 -7 +y) "
The integrals and series in (23) converge for all values of (y, 7) in [~1, 1]x[~1, 1] and define

regular kernels A%. The singular parts of A; are given by A”". In view of (20), (21), (15), (16) we
can decompose the kernels /; in (20) in the same way, i.e.

ly=15+15 24

In order to determine the singularities in the solutions ¢, of (20) we use the methods of {3] and
write (20) as

: g bii ® ' —
3[ [ twn] s =) 5)
where
Bi(x)=filx)=2Z | 150,00 ds, (26)

so that B;(x,) contains at most logarithmic singularities on |x,| = h provided the singularities in ¢
are integrable. According to {3, Chap. 4] we define H;(t) through

dit)= HiOIh>— 1)), |t|<h (27

where Re(y;) < 1 and H;(¢) satisfies a Holder condition. The appropriate singular integral analysis
leads to the following condition for determining the indices y; in (27);

V=YY=
A(y) =det [—b; cos (my) + n;(y)] =0, (28)
where
o =MV (=) - v+ MG v y),
na=M(v", v", YL = o) (1= ")+ Mu(v', V', ¥),
ny =M, 1L, y)k(T = o)1~ v+ kM (', 1, y), (29)
nan=M(v", 1, y)(1 = v)(1 = v ) (1= 0"y + kMAv', 1, y),
in which (for p =1, v)
M(v,p,y)=32-5v-p+4pr+(3+2v-2p)y —y(y +1),
(30)

My(v,p,yv)=72-3p-(5-2p)y+y+1).

According to (21) and (28)—(30) y apparently depends on the elastic constants »’, »" and
k=pu'lu". Weexpect from [1], [5] that this dependence should be expressible in terms of the two
composite parameters a, 8 introduced in (4] and defined for plane strain by

_k(1-v")-(-v") _k(1-2")-(1-20")
Tk(I-v+ (=Y B C2k(1- ") +2(1- vy

[44

(3D
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It can be verified from (21) and (28)-(31) that
Aly)=-4[(1 - »)/(1 = ")k - »") + (1= v)'D(a, B; ¥ -2) (32)
where D(a, B; y —?2) is given in [5] as

D(a, B;y —2) =[cos’ (ym[2)~ (1 - yV'PB*+ 2(1 - y)cos’ (yx/2)— (1 - y)]aB
+(1=y)l(1 = y)* = Na’ + cos’ (ym [2) sin’ (yn[2),  (33)

and since the coefficient of D in (32) cannot vanish for 0= v =3, 0= k <= it follows that the
solutions y of (28) are also given by

D(a,B;y-2)=0. (34)

The values of y satisfying (34) and Re(y) <1 for all physically relevant values of a, 8 were
given in [1] and are reproduced here in Fig. 2. As observed in [1] y is real and satisfies 0 <y < 1
for a(a —28)>0, y =0 for a(a —2B)=0and y <0 for a(a — 28) <0. Therefore the functions
¢i(t) are bounded at the singular points ¢t = +h for a(a —28) =0. A numerical technique for
obtaining approximate solutions of (20) can be found in [6] for the case when the right hand side is
bounded. We can use this technique with slight modification to solve (20) in the presence of the
logarithmically singular f.
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Fig. 2. Dependence of index y on composite parameters a, .

REMOVAL OF THE LOGARITHMIC SINGULARITIES

Before we can apply the quadrature method in (6] to eqn (20) we must remove the logarithmic
singularities from the functions f;. First we show under what conditions these singularities arise.
For this we need the integral expressions

'ordr l—y)
L r—y—2+’vln(1+)‘ ’
2 1 dk
;f C‘*’(zn)“(l:y)“F(z—f:y)“f dr =4C?(=y)™
-0 J-1

+c“>[ (33:1)+(1-y)|n('+y)] C‘°’[2+(2+y)ln(l y)] (35)
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From (15), (23) and the above integrals we obtain

[ [ rhean]rar= [ ki nrae e+ fw, (36)

where
1 6-y°
Fix)lh =2a; +4CP(B~y) *+(3+y) 2]+C"[ (Q_;vz)

r(1- )ln( )+(l+y)ln<3—:—2)]

—CPM4-Q2-y)InGB-y)-Q2+y)In(3+y)), 37

fuwlh = ayn (172) - Co1@-n)in -+ @+ )+ )

in which the coefficients C'f’ can be obtained by comparing (15), (23) with (35), (36). We see that
fi is bounded in [y|=<1, but f; has logarithmic singularities unless C{’=a; Since
CQ=-3v+72, a.=v - 1/2, and C5 = a» = 1/2 it follows that f, in (20) is singular whereas f,
is bounded. _

In order to remove the logarithmic singularity from f, we define new unknowns ¢; in (20) by

=0\ ¢=di- (38)

where F is a constant to be determined. With (38) we can write (20) as

2

> j—h [13—‘;1+ ly(x,, t)]d;;(t)dt = filx) 39

i=1

where
fitx) =-[M + F(1 - v")l(1-v")] Uh Ky, )8 dt + Fla(x) + Flax) ]

- FUh K (xy, )t de + fiz(x1)+fiz(x.)], (40)

fz(xl) = _g[f_: K3 (x,, )t dt +f_’2‘2(xl)+fg2(xl)]_kp[f_: K, (xy, 1)t dt +f—£2(xl)+f-§2(xl)]~

With use of (37) in (40) it is apparent that f are bounded on |x,| <k provided
-M(1- 201 -v). (41)

Thus the system (39), with unknowns defined in (38), has a bounded right hand side (40) when F is
given by (41).

NUMERICAL SOLUTION OF THE SYSTEM OF INTEGRAL EQUATIONS
By use of the numerical methods in [6] the singular integrals in (39) can be approximated
directly by quadrature methods. The quadrature formula to be utilized depends on the index y
appropriate to the functions ¢;. For the values determined by (34) the Gauss-Jacobi formula
must be used. The integrals in f; in (40) can be evaluated by use of Simpson’s rule.
In terms of dimensionless variables y, 7, defined in (15), eqn (39) appears as

S [ 22 bthy, b | 82— iy, @)
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in which B ;
%i(r) = ¢ ()1~ 7). 43)
The algebraic system of order 2N corresponding to (42), (22) is

2 i [ 1_+ hl;(hyx, h‘r;)] A,l[l,('r_,) f(h)’l() i=1,2,
- (44)
2 Ali(1) =0, i=1,2,

where the latter equations results from (22), (38) and it must be appended to complete the system,
sinceJ=1,2,.., Nbut K=1,2,...,N -1 when 7,, yx, A, are determined in the Gauss-Jacobi
scheme, i.e.

A = AN-y+1) T’(N-y+1) 27
! (N+DAN -2y + hHT(N =2y + ) P "7 )PN 3 (1)
Y
P(r) = Fy+N+1) & 2 [Qy+N+k+1)r-1)

TRy + N+ 1) & k(N -k)2 T(y +k+1)
mJ=1,2,...,N are N roots of Py“""""(7)=0,
y. K=1,2,..,N-1 are N-1rootsof P43 (y)=0.

(45)

NUMERICAL RESULTS AND DISCUSSION
The system (44) was solved numerically for six different composites, which are identified by
their elastic constants k, v’, »" in Fig. 3. Also given in the table are the corresponding composite
parameters a«, 8 as computed from (31) and the index y as obtained from Fig. 2 with these values
of a, B. All of the composites chosen give positive values of y.
After the bounded functions ¢ were obtained we computed 73,(x,, 0), 72(x,, 0) and du’/dx, at
=0. From (12), (43)

T3alhs, 0) = w(1 = v )u(n)I(1 - 7., (46)

while (13), (14) and the quadrature procedure give

2u'(d/dx,)uhyx, 0) = ,Z ;_: [—ﬂ-‘f—+ hk:;(hyx, h‘r,)] A1),

. @)
oy, 0= 3, 3, {22+ by, ) | Ao,

i=1

k v " -3 B y
o s | — | -1 o |.410
@] o 2 | —| -1 |-375].221
® .1 55| -8 0 |.295
@ {.n 5 | O |-636 | -09I |.240
® [333] 5 5 |~56 0 |.145
® (059|470 | -8 0 | .29%
—
010
o |
~ L 0.€
< L 2
=
3 o.os_ A
S o
z L
NZ 5
o 0 i \
-0.05 1 S 1 1 l i ) I 1
0o 05 10 x,/h

Fig. 3. Interface normal stress for various composites.
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Fig. 4. Interface shear stress for various composites.
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Fig. 5. Interface slope for various composites.

Figure 3 gives the residual interface normal stress (2h%/3IM)r5(x,,0), Fig. 4 shows
(2h*/3M)#5(x1,0) and Fig. S displays the interface slope (4h’u /3M)(d/dx,)iz(x,, 0).

Next we observe that the solution obtained here should agree with the clamped semi-infinite
strip bending solution in [3] in the limit when the upper semi-strip becomes rigid. When " —  so
that k -0, and by (31) @ » —1, we obtain from the second of (20) with (21)

fh [ﬂ—’;+ kzz(x,,t)]¢a(t)dt=“—(,”_'—v,)(%) f [,‘ig}ﬁk’éz(xm]fdf “8)

from which there follows

¢:(1) = v'[=w(1-v)I"'GM[2h)t. (49)

With this the first of (20) yields

J'hh [?aT;JIT,’L""‘(""’)]""“)d‘=‘,—(%T)(%)f_: [t(i;;l+kiz(x.,t)]tdt, (50)

for determining ¢ ;. Equations (49), (50) agree with (45) of [2]. Furthermore, the index v in Fig. 2
of [2] corresponds to y in Fig. 2 at « = —1. Hence the reduction is complete. The right hand side
of (50) has a logarithmic singularity which can be removed by replacing ¢} by &, + Ft and
determining F in the same manner as above.

Finally, we observe from Figs. 3 and 4 that the interface traction is the same for both
composites 3 and 6, as it must be since the a, B are identical in both cases (see [4]). The same is
not true of the interface slope in Fig. 5.
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